Abstract. Wreath products of finite groups have permutation representations that are constructed from the permutation representations of their constituents. One can envision these in a metaphoric sense in which a rope is made from a bundle of threads. In this way, subgroups and quotients are easily visualized. The general idea is applied to the finite subgroups of the special unitary group of (2 × 2)-matrices. Amusing diagrams are developed that describe the unit quaternions, the binary tetrahedral, octahedral, and icosahedral group as well as the dicyclic groups. In all cases, the quotients as subgroups of the permutation group are readily apparent. These permutation representations lead to injective homomorphisms into wreath products.
Introduction
This paper contains amusing diagrammatic descriptions of extensions of finite groups. The examples considered in detail include binary extensions of dihedral and polyhedral groups. In general, we study these as subgroups of abelian extensions of alternating and symmetric groups. The permutation groups are represented via string diagrams that are the projections of geometric braids. The diagrammatic representations have analogues for arbitrary wreath products of finite groups, but we will limit the scope of the discussion except in a few cases for which injective homomorphisms into wreath products are given, Theorem 1.
In the human endeavor of spinning fibers to make thread, long fibers are combined and overlapped until isolated long filaments appear. Of course, each filament is manufactured as a conglomerate, and the conception of this conglomerate as a single entity is only metaphoric. Imagine, for example a sturdy nautical rope. It is thought of as filaments wound around a central core to form a bundle of filaments that are twisted further. In much the same way, we can see the groups that we present here as a bundle of permutations. Unfortunately words such as bundle, grouping, etc. have technical meanings in mathematics and within this paragraph we mean none of these things.
Precisely, we partition groups into sets of cosets, and study the groups action on its coset space. In the finite group case, subgroups can be thought of as permutations. These are spun together to make stronger ropes.
The focus here is upon examples. In particular, a lot details are given in both algebraic and diagrammatic contexts. Here is how material will be presented. While it has naught to do with the rest of the study, in the next two paragraphs, the initial point of the study is described to give these ideas some more context. The material summarized there will be a starting point for a companion paper. Section 2 gives an overview of the techniques. We discuss wreath products in which the groups involved are subgroups of permutation groups. In this way, a broad class of examples is possible. We note that a (finite) group action upon a set of cosets allows a variety of string diagram depictions. Section 3 gives an elementary the proof of the known result Theorem 2. Then one-by-one, the quaternions (Section 4), dicyclic groups (Section 5), binary tetrahedral (Section 6), and octahedral groups (Section 8) are given. Generators for the binary icosahedral group are described via the same diagrammatic method in Section 9. The depictions closely resembles the techniques that we learned from [Kau87] in which polyhedra or polygons are suspended from a ceiling with a band that supports twisting. But here the underlying polygonal object is replaced by an abstract point set. Also, many other groups are easily visualized via string-like diagrams.
Even though the next two paragraphs are the only place in which quandles are mentioned, let us tell you where the main idea originated. It is a small but beautiful outgrowth of a study about the non-trivial cocycle extension of the four element tetrahedral quandle which is know as QS 4 or Q(4, 1).
1 The most concise description uses the field Z/2[t]/(t 2 + t + 1) as the underlying set with a b = ta + (1 + t)b as the quandle operation. The elements can be labeled 0, 1, 2 ↔ t, and 3 ↔ (t + 1). In this way, they are represented by the coefficients (00,01,10,11) of the affine expressions and these pairs of coefficients corresponds to an integer written in binary notation So there is a quandle extension Q(8, 1) that maps surjectively onto Q(4, 1). The inner automorphism group Inn(Q(4, 1)) is generated by the 3-cycles (1, 2, 3), (0, 3, 2), (0, 1, 3), and (0, 2, 1) since these correspond respectively to the right actions of the elements 0,1, 2, and 3 (y : x y ← x). Meanwhile, the inner automorphism group, Inn(Q(8, 1)), is the binary tetrahedral group. It is generated by the following four elements each of which is a product of disjoint 3-cycles (1, 6, 3)(2, 7, 5), (2, 4, 3)(0, 7, 6), (0, 5, 3)(1, 7, 4), (0, 2, 1)(4, 6, 5) in the group of symmetries of the set {0, 1, 2, 3, 4, 5, 6, 7}. The details of the preceding paragraph will be given more explicitly in a companion paper. Here we hope that an interested reader will take the 1 A quandle is a set Q that has a binary operation that satisfies (i) (∀a ∈ Q) (a a = a);
(ii) (∀a, b ∈ Q) (∃!c ∈ Q)(c a = b); (iii) (∀a, b, c ∈ Q) ((a b) c = (a c) (b c)).
time out to verify these claims as an exercise in quandle theory. The rest of the paper does not depend upon quandle theory in any respect.
We will consider the finite subgroups of SU(2) = S 3 . We consider the 3=sphere to be represented as S 3 = {x + yi + zj + wk : x 2 + y 2 + z 2 + w 2 = 1}.
The subgroups consist of the unit quaternions Q 8 = {±1, ±i, ±j, ±k}, the dicyclic groups Dic n = ρ, x : ρ 2n = 1, x 2 = ρ n , ρx = xρ −1 , the binary tetrahedral group
the binary octahedral group Σ 4 = a, f : a 3 = f 4 = (af ) 2 , and the binary icosahedral group
A 5 = a, t : (at) 2 = a 3 = t 5 .
Here is our main theorem.
Theorem 1. There are injective homomorphisms of the finite subgroups of SU(2) into wreath products as follows.
(1) Q 8 ⊂ (Z/2) 4 K 4 where K 4 denotes the Klein 4-group (≈ Z/2 × Z/2); (2) Q 8 ⊂ (Z/4) 2 Z/2; (3) Dic n ⊂ (Z/4) n Σ n ; (4) In each case, the group on the right side of the semi-direct product acts on the groups on the left by permuting coordinates. Here is a sketch of the proof.
In Section 2, we demonstrate how to represent elements in the wreath products of subgroups of permutation groups via string diagrams. We exemplify the broader technique for permutation groups and the hyper-octahedral groups. Then for each of the finite subgroups of S 3 , we develop a permutation representation. In some cases, all the elements are listed via diagrams.
In others, only the generators are given. Nonetheless, once a permutation representation is given, a pointer to the group embedding articulated in the theorem will be given.
Let us encapsulate this result in a more concise way. The following theorem is a special case of the Krasner-Kaloujnine Theorem;
2 [Eve91] , page 47 contains a sketch of a proof. To our knowledge its use in the current context is novel. The elementary proof of Theorem 2 appears in Section 3.
Theorem 2. Let G denote a finite group of order nk. Let H denote a subgroup of order k. Then there is an inclusion G ⊂ H n Σ n where the second factor permutes the coordinates of H n . Let us begin from an example. The group of (2 × 2) signed permutation is the set of eight elements
Overview of the technique
in which any combination of signs is allowed. It acts upon the end points {(±1, 0) t , (0, ±1) t } of the coordinate arcs {(x, y) ∈ R 2 : −1 ≤ x, y ≤ 1; xy = 2 Thanks to Roger Alperin, David Benson, and Greg Kuperberg.
0}
3 via left matrix multiplication on the associated column vector. Label 1 ↔ (−1, 0), 2 ↔ (1, 0), 3 ↔ (0, −1), and 4 ↔ (0, 1). Then since
, and
, we have the permutation representation of H 2 as 1 0 0 1 ↔ (1)(2)(3)(4);
In Fig. 1 , these permutations are illustrated as string diagrams. Within the illustration, we demonstrate that the permutation respects the grouping {1, 2}{3, 4}, and thus we can imagine the associated permutation as a "ribbon permutation." Here and below, whenever such ribbon-like illustrations are given, they are just a visual convenience. The ribbons may pass through each other since the representation is one in the permutation group rather than in the braid group. In the last step, we abstract the diagrams to permutations of the ribbons together with twists. Please note that the domain of the permutations is written at the bottom of the diagram. So the 4-cycle (1324) indicates that the first point on the left bottom migrates up the string to the third position from the left at the top.
In this section, we vastly generalize this diagrammatic representation.
Let G and H denote finite groups. We may assume that both are given as subgroups of permutation groups: Say G ⊂ Σ m and H ⊂ Σ n . For example, if h ∈ H, then the map f h : k → hk represents H as a subgroup of the set of permutations of the underlying set of H. Consider the semi-direct product W = G n H in which H acts on the factors of G n by permuting the coordinates. The group W fits into a split short exact sequence
For convenience of computation, we express the permutation group Σ n of which H is a subgroup as the set of permutation matrices. Let e j = (0, . . . , 0, 1 jth , 0 . . . , 0) t 3 As is customary, we will often drop the transpose when discussing these vectors.
denote the jth standard unit vector in R n . Then a permutation σ ∈ Σ n is given as the matrix (e σ1 , e σ2 , . . . , e σn ). In our experience, there is always some miscommunication in this formula. So for example, the 3-cycle (1, 2, 3) ∈ Σ 3 corresponds to the matrix Let g 1 , g 2 , . . . , g n ∈ G denote elements in G. Let 1 denote the identity element of G. Then an element of ( g, σ) ∈ W is expressed as the matrix (g 1 e σ1 , g 2 e σ2 , . . . , g n e σn ). In this way, the entry g i appears in the ith row.
Thus if ∆( g) denotes the matrix in which g 1 through g n appear along the diagonal and 0s appear elsewhere, then the element ( g, σ) ∈ W is the matrix product ∆( g) · (e σ1 , e σ2 , . . . , e σn ). When two such matrix representatives are multiplied, only one non-zero entry appears in any row and column as a product of pairs of elements in G. In this way, computations in the wreath product of G and H are computed as formal matrix products. In general this process can be translated into string diagrams as follows. Recall that the symmetric group has the presentation Σ n = t 1 , . . . , t n−1 : t i t j = t j t i for |i − j| > 1, t i t j t i = t j t i t j for |i − j| = 1, and t 2 i = 1 for i = 1, . . . , n − 1 .
The generator t i corresponds to the transposition t i = (i, i + 1). We can draw this as a string diagram as in Fig. 2 . In this illustration the element ∆( g) is also depicted, and a sample product is shown as a string product and in matrix form. Elements in the wreath product are drawn as beads labeled by elements in G on the top of string permutation diagrams. Please note that if G also has a permutation representation (as will often be the case here), then the permutation representation of the wreath product is obtained by bundling strings together and implementing the representatives of the elements g 1 , . . ., g n at the top of the diagrams. This string replication is exactly what happened in our first example. We apply similar ideas in the next subsection.
2.1. The permutation groups. The symmetric group, Σ n on n elements has order n!. Its presentation in terms of the standard generators, t i , is given above. The group acts upon itself by left multiplication. This action represents the group as a set of permutations on an excessively large set. Here we give an inductive method to gain a little control of this action, and to develop some visual insight into that action. In case n = 2, an oriented . . . . . . Figure 2 . Permutation representation in wreath products edge is considered as an arrow (t 1 → 1). The action of t 1 upon this arrow is t 1 (t 1 → 1) = (1 ← t 1 ). By convention, arrows point from odd permutations towards even permutations. In Σ 3 , consider the subgroup {t 2 , 1}, and label and orient the cosets as follows [1] = (t 2 → 1), [2] = (t 1 → t 1 t 2 ), and [3] = (t 2 t 1 t 2 → t 2 t 1 ). The idea is to consider the first element to be the subgroup, act by the transposition t 1 = (1, 2), label the result [2], and subsequently act upon this by t 2 = (2, 3). Each transposition reverses an arrow. Fig. 3 indicates, the resulting permutation representation.
The result is a faithful representation of Σ 3 → (Z/2) 3 Σ 3 . The target is a subgroup of the (3 × 3) dimensional signed permutation matrices with determinant 1. Specifically, (1, 2) ↔ (−e 2 , −e 1 , −e 3 ) while (2, 3) ↔ (−e 1 , −e 3 , −e 2 ). Other elements are computed as matrix products. We can envision arrows((−1, 1, 1)
−→ (−1, 1, −1)), and ((1, 1, −1) [3] −→ (−1, −1, 1)) between antipodal points in the cube [−1, 1] 3 that pass through the origin. The signed permutation matrices act upon this configuration, and the ribbon picture (1,2) (2,3) (1,2)
[3]
The permutation group acts upon itself via left multiplication, and furthermore acts upon cosets of considered as a subgroup. This process is continued with the permutation group Σ 4 . We denote the subgroup that fixes 1 as the ordered triple of arrows ((t 3 → 1), (t 2 → t 2 t 3 ), (t 3 t 2 t 3 → t 3 t 2 )) = [1]. Then upon identifying the standard generators as t i = (i, i + 1), successively act upon this via t 1 , t 2 , and t 3 . We have
[1] = ((t 3 → 1), (t 2 →, t 2 t 3 ), (t 3 t 2 t 3 → t 3 t 2 )); [2] = ((t 1 → t 1 t 3 ), (t 1 t 2 t 3 → t 1 t 2 ), (t 1 t 3 t 2 → t 1 t 3 t 2 t 3 ));
[3] = ((t 2 t 1 t 3 → t 2 t 1 ), (t 2 t 1 t 2 → t 2 t 1 t 2 t 3 ), (t 2 t 1 t 3 t 2 t 3 → t 2 t 1 t 3 t 2 )); [4] = ((t 3 t 2 t 1 → t 3 t 2 t 1 t 3 ), (t 3 t 2 t 1 t 2 t 3 → t 3 t 2 t 1 t 2 ), (t 3 t 2 t 1 t 3 t 2 → t 3 t 2 t 1 t 3 t 2 t 3 )). (1,2) In a matrix representation, t 1 → ((−e 1 , −e 2 , −e 3 ) ⊗ e 2 , (−e 1 , −e 2 , −e 3 ) ⊗ e 1 , (−e 2 , −e 1 , −e 3 ) ⊗ e 3 , (−e 2 , −e 1 , −e 3 ) ⊗ e 4 ).
Here the tensor product results in signed permutation matrices (or 0) in the (3 × 3) blocks. Expressions for t 2 and t 3 are also easy to write down. In general, to create a similar picture for Σ n inductively, consider Σ n−1 as the subgroup that permutes 2, 3, . . . , n. In fact, starting from the arrow (t n → 1), form the product t n−1 (t n → 1) = (t n−1 → t n−1 t n ) and successively multiply by t n through t 2 until every permutation in Σ n−1 is represented exactly once. The collection of arrows have sources that are the odd permutations of Σ n−1 and targets which are the even permutations. These arrows, then, describe the subgroup. Consider it to be ordered via this action. Label the subgroup [1]. Successively apply t 1 through t n−1 to this ordered set so that [j] ↔ t j t j−1 . . .
If we think of the elements of Σ 2 as a pair of matrices 1 → (e 1 , e 2 ) and t 1 → (e 2 , e 1 ), then a signed permutation matrix such as (−e 1 , −e 3 , −e 2 ) can be replaced by the tensor ((e 2 , e 1 ) ⊗ e 1 , (e 2 , e 1 ) ⊗ e 3 , (e 2 , e 1 ) ⊗ e 2 ), and this expression is among those found above in the wreath product description.
Let us summarize. In the case of a wreath product W = (Σ m ) n Σ n , we can write an element as a product ∆( g) · (e σ 1 , e σ 2 , . . . , e σn ). Both signed permutation matrices and elements in the symmetric group can be so represented. These representations also occur in wreath products such as (G) n H when G and H are subgroups of the corresponding permutation groups. In the case of finite groups, we can always assume that such faithful permutation representations exist. In particular, the permutation groups have such presentations. These lead to generalized permutation diagrams. The technique for finding such diagrams is to look for a subgroup K for which the group H acts faithfully upon its cosets. Then conglomerate the subgroup into a chunk, and write down a permutation representation upon the result. Often other subtle structures are seen when the subgroup and the elements of the cosets are assumed to have an order, and possibly a more rich (geometric) structure. We apply these techniques to binary extensions below. 
Proof of Theorem 2
The proof will be a consequence of studying the permutation action of G upon itself by left multiplication: for g ∈ G, let g : g → gg . Denote the elements of H by h 1 , h 2 , . . . , h k . In fact, let us observe that this is an arbitrary ordering of H. 4 We write (H) = (h 1 , h 2 , . . . , h k ) to indicate H as an ordered set. Choose cosets a 1 H, . . . , a n H, and observe that this, too, indicates an ordering so that as an ordered set (G) = (a 1 H, . . . , a n H). The action of G upon itself leads to a permutation action of g upon the set of cosets. So for g ∈ G, there is a permutation η g = η ∈ Σ n such that g(a 1 H, . . . , a n H) = (a η1 H, a η2 H, . . . , a ηn H). Let us write ga i H = a j H to indicate that ηi = j. Furthermore, there is a permutation σ i,j = σ ∈ Σ k such that (ga i h 1 , . . . , ga i h k ) = (a j h σ1 , . . . , a j h σk ). Thus far, we have established a group embedding G ⊂ (Σ k ) n Σ n . to complete the proof, we establish that the permutation representation of g acting upon any coset corresponds to the action of H upon itself.
Since ga i H = a j H, we have that there is an h i,j ∈ H with h i,j = a −1
In other words, the permutation action between ga i H and a j H coincides with multiplication by some element h i,j ∈ H. Therefore, G ⊂ (H) n Σ n as desired. This completes the proof.
The quaternions
We develop two diagrammatic representations of the quaternions. One or the other will be used in the subsequent descriptions of the dicyclic groups and the binary polyhedral groups. Let Q 8 denote the group with eight elements Q 8 = {±1, ±i, ±j, ±k} where the multiplication is defined as:
Permutation representations of a group depend upon the ordering of the group and the choice of ordered subgroup upon which the group acts. Let us consider the short exact sequence
for which the inclusion identifies Z/2 with {±1} and the quotient group is identified with the Klein 4-group. We consider the subgroup {−1, 1} as an ordered set (−1, 1). Then order the cosets as ((−1, 1), (−j, j), (−i, i),
. We have
Fig. 6 indicates a ribbon depiction of the quaternions. The ribbons are, as usual, allowed to pass through each other, and two half-twists are considered to be trivial. Under this identification, the group of unit quaternions, Q 8 , is a subgroup of (Z/2) 4 K 4 , where K 4 indicates the Klein 4-group. Specifically, the projection p maps elements as follows: p(±1) = (1), p(±j) = (12)(34), p(±i) = (13)(24), and p(±k) = (14)(23).
This completes the proof of item (1) of Theorem 1.
Next we consider the short exact sequence
for which the kernel is the subgroup (−1, −j, 1, j) -which we have ordered as indicated. More precisely, we are considering these in a cyclic order since 
that is identified with SU(2). Then there are two cosets ((−1, −j, 1, j),
. We keep track of the action Q 8 on the ordered subgroup. Multiplication by (−1) puts a half-twist in both cosets. Meanwhile,
and
This multiplication is depicted schematically in Fig. 7 . Fig. 8 indicates the method for bundling the eight strings into two sets of four. The four string bundles acquire 0 through 3 positive (1/4)-twists, and a (3/4) twist is equivalent to a (−1/4) twist. is not a semi-direct product, but we have shown there are faithful representations into semi-direct products. This completes the represention for item (2) in Theorem 1.
Figure 9. The string representation of the quaternionic group Q 8 , part 1
The dicyclic groups
The second representation of the group Q 8 is part and parcel of our diagrammatic descriptions of the dicyclic groups. The dicyclic group of order 4n is given by the presentation It maps 2-to-1 to the dihedral group of order 2n. Here we work with the inclusion Dic n ⊂ S 3 that is given by ρ → cos (π/n) + sin (π/n)i and x → j. In particular, in this representation Dic 2 ≈ Q 8 with ρ → i. We mention that the background material here has been compiled from a number of wikipedia sources, specifically [Wik18e, Wik18d] .
It is a good time to introduce a formula for the projection from SU(2) = S 3 to the group, SO(3), of (3×3) orthogonal matrices that are of determinant 1. The continuous 2-to-1 covering S 3 p −→ SO(3) is given by the formula
It is a straightforward, yet tedious calculation to show that the columns of the matrix form an orthogonal basis for R 3 . It is easy to see that antipodal points have the same image: p(−w − xi − yj − zk) = p(w + xi + yj + zk). Let u n ( ) = cos ( π/n)+sin ( π/n)i, and v n ( ) = cos ( π/n)j+sin ( π/n)k. We easily compute that 
[2]
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[0] Thus a power of the generator ρ → u n ( ) projects to a rotation in the (x, y) plane in R 3 , and p(±j) is a reflection. Furthermore, ρ x → v n ( ) ∈ S 3 . As in the case of the quaternions, we consider the orbits of the subgroup S = {−1, −j, 1, j} which is ordered as (−1, −j, 1, j). For a more concise notation, we will write the ordered cosets as [ ] = ρ (ρ n , ρ n x, 1, x) = (ρ +n , ρ +n x, ρ , ρ x), for = 0, . . . , n − 1. Note that [0] = (−1, −x, 1, x). We compute
since ρ 2n = 1, and
In particular, x[0] = (−x, 1, x, −1). In Fig. 12 , the actions of x and ρ are depicted using the 4-string convention from the presentation of the quaternions that were given above. The n = 2, 3, 4 and 5 cases are shown in Fig. 13 . Note that x corresponds to j and ρ corresponds to i, as expected.
In Fig. 14 , we demonstrate the relations in the group for n = 3. This completes the embedding of the dicyclic group in Theorem 1, item (3).
The binary tetrahedral group
The first example that we understood from the point of view of ribbon permutations was the binary tetrahedral group, A 4 which is a twofold extension of the alternating group on four elements. The group is given via the presentation A 4 = a, b : (ab) 2 = a 3 = b 3 . It is a subgroup of S 3 via a = 1/2(1 + i + j + k), and b = 1/2(1 + i + j − k). and it is isomorphic to SL 2 (Z/3). This section contains a plethora of details about this group.
[2] Subsection 6.1 describes the elements of SL 2 (Z/3) and their actions upon the eight non-zero vectors in Z/3×Z/3. We will number these, somewhat arbitrarily, by integers in {0, 1, 2, 3, 4, 5, 6, 7} such that antipodal points differ by three. This labeling gives a permutation representation that is patently a group 2-cocycle extension of the alternating group A 4 . Subection 6.2, describes a regular tetrahedron that has its vertices on diagonally opposed pairs of points on the cube [−1, 1] 3 . This depiction allows for a representation of the group of orientation preserving symmetries into the group of (3 × 3)-signed permutation matrices. In Section 6.3, the binary tetrahedral group is described in terms of a and b as given above. In the same subection, we catalogue the orders of the various elements, and express them as permutations on a set of eight cosets.
In Section 6.4, we demonstrate the depiction of the elements of A 4 as ribbons. Four vertically arranged ribbons in which there are an even number of half twist are arranged as if the cores of the ribbons represent the permutations in A 4 . These are either the identity, 3-cycles, or elements of the Klein 4-group. The composition of ribbons is vertical stacking. Entanglements between a pair of ribbons can be eliminated via band pass moves. Pairs of half-twists along a single ribbon are considered to be the identity. In this way the projection of elements in the binary extension A 4 to the alternating group A 4 is achieved by mapping each ribbon to its core.
In subsection 6.5, we give an alternative permutation representation that resembles the dicyclic representation by examining the orbits of the ordered subgroup S = (−1, −j, 1, j). In subsection 6.6, we demonstrate the generator a as it acts upon the entire group, and give the embedding for Theorem 1, item (6).
6.1. SL 2 (Z/3). The group of determinant 1, (2 × 2)-matrices with entries in the 3-element field is known as SL 2 (Z/3). It acts upon the vector space Z/3 × Z/3. The entries in such a matrix can be taken from the set {−1, 0, 1}, where 1 + 1 = −1 and (−1) 2 = 1 = (−1) + (−1). Any matrix fixes the origin, and so the matrix can be thought of as a permutation of the remaining eight points. To save space, we write the vectors as rows and number them as follows:
Here and elsewhere, in order to specify a group of symmetries as a permutation of a set, we (somewhat, but not entirely, arbitrarily) rename the elements of the set with non-negative integers. The group is generated by the four matrices that are given below. We specify the matrix, multiply it by a (4 × 3) matrix whose columns correspond to 0, 1, 2, and 3 respectively, and write down the corresponding permutation. 
The vector space (Z/3) 2 consists of nine points. We can imagine these as the vertices of the 4-dimensional figure that is the cartesian product of a pair of equilateral triangles. An outline of the boundary of that 4-dimensional figure is depicted in Fig. 15 . Since the boundary of this space is a 3-sphere, it can be decomposed as the union of two solid tori. The vertices lie on the common boundary of these. So we unfold this single torus onto the plane. In Fig. 16 , the actions of half of the elements of SL 2 (Z/3) are depicted as permutations of the eight non-zero vectors. The matrices that are not shown are either inverses of those shown, or the identity matrix. Also within the figure, the permutations are expressed as products of cycles in the symmetric group on the set {0, 1, . . . , 7}. The subgroup {I, −I}, where I is the identity matrix, is normal. The quotient group PSL 2 (Z/3) = SL 2 (Z/3)/{I, −I} is isomorphic to the alternating group on 4-elements. There is a short exact sequence
To see that PSL(2, Z/3) is the alternating group, observe that the action of a (2 × 2)-matrix on the non-zero vectors in (Z/3) 2 permutes the pairs of antipodal points. Specifically, the quotient map is given in terms of the permutation representation as follows. These signed permutation matrices are in the image of the restriction of the projection p : A 4 → SO(3) that was given in Section 5.
6.3. The binary tetrahedral group. The binary tetrahedral group, A 4 , consists of the 24 points in the 3-dimensional sphere S 3 that are of the form ±1, ±i, ±j, ±k, 1 2 (±1 ± i ± j ± k).
All sign combinations are possible. These are the vertices of a platonic hypersolid that has 24 vertices, 96 edges, 96 triangular faces, and 24 three dimensional faces. As such, it is self-dual. The (2×4)-matrix 3 2 0 2 0 2 3 −2 projects the vertices and edges to the graph that is drawn in Fig. 18 . Therein the vertices that are labeled
have order 6. Within the figure a is written as a vector 
While we do not use the ordering here, we will use it below. Under this labeling, the actions of a through d upon the cosets are computed as follows: Here p indicates the composition of the projection p with the correspondence that indicates the action of signed permutation matrices upon the tetrahedron indicated in Fig. 17 . Meanwhile, i, j, k map via p to diagonal matrices under p, with p (i) = (01)(23), p (j) = (02)(13), and p (k) = (03)(12). 6.4. The ribbon representation. Each of the elements in the binary tetrahedral group A 4 ≈ SL 2 (Z/3) has a permutation representation in the group, Σ 8 , of symmetries of {0, 1, . . . , 7}. We depict these elements along a horizontal line segment in the order and grouping (04)(15)(26)(37), and draw the associated permutation in a braid-like fashion. In this way, each element in the group is depicted as a set of four ribbons that have an even number of half-twists among them. The group operation is vertical juxtaposition of ribbon diagrams. The relations among the vertically juxtaposed diagrams are to remove an even number of half-twists in any given ribbon and allow any pair of ribbons to pass through each other in order to move the resulting product into a standard position. This completes the description of A 4 as a subgroup of (Z/2) 4 A 4 as given in item (4) of Theorem 1. 6.5. Two alternative depictions. Since {±1, ±j} and Q 8 = {±1, ±i, ±j, ±i} are subgroups of the binary tetrahedral group, we will order the elements of both subgroups and examine the action of A 4 thereupon in order to give two alternative descriptions. The former is analogous to that given for the quaternions and the dicycle groups and the latter decomposes A 4 as a semi-direct product of Q 8 and Z/3. First, recall that the binary tetrahedral group is generated by a = 1/2(1 + i + j + k), and b = 1/2(1 + i + j − k). Next let us order the subgroup {±1, ±j} as we did above: S = (−1, −j, 1, j). We label the elements of A 4 as 1, ±i, ±j, 1, ±k, and powers of a, b, c, and d where these elements are indicated in Fig. 18 For notational convenience, we will write, for example, a(bS) = [1, S] to indicate that as a set, abS = S, and there is a 1/4 rotation in the cyclic order of the elements. Thus the action of a upon the cosets is given as:
The action of b upon the cosets is given as
We compile these calculations in Fig. 23 to indicate that the generators a and b of the binary tetrahedral group A 4 can be expressed as a subgroup (Z/4) 6 Σ 6 . This particular embedding is not among those stated in Theorem 1. As a second alternative, we consider S ∪ iS as a subgroup, and examine the actions of a and b upon this subgroup. We have the representation that is given in Fig. 24 .
For the reader's convenience, we demonstrate several important products in the binary tetrahedral group by juxtaposition of string diagrams in Fig. 25 .
In the spirit of this section, we illustrate the powers of a = 1/2(1+i+j + k), b = 1/2(1 + i + j − k), c = 1/2(1 + i − j − k), and d = 1/2(1 + i − j + k) in Fig. 26 . Of course, a 3 = b 3 = c 3 = d 3 = −1, and that element is illustrated in Fig. 25 .
This completes the description of A 4 ≈ Q 8 (Z/3) -item (5) in Theorem 1. See also [Wik18c] . 6.6. The action of a and b upon ordered cosets. Fig. 27 demonstrates that the representation of subsection 6.5 can be used to compute the products of a and b upon the quaternions Q 8 . This is helpful since it also allows us to determine the actions of a and b upon the ordered cosets (N, aN, iN, iaN, jN, jaN, kN, kaN ) .
Note that here, we are listing the cosets in a more appropriate order than in previous sections. Now since ai = b 2 , we determine that a(iN ) = jaN with no rotation. The actions of a and b upon the entire group A 4 , then appears as in Figs. 28 and 29. We will use this depiction of the action of a to decipher the actions of a and t in the binary icosahedral group. Note that the structure of the diagrams for a and b indicates the embedding of item (6) Theorem 1. . 
GL 2 (Z/3)
A common mistake is one that we made in a preliminary version of this paper. The group of invertible (2 × 2) matrices defined over Z/3 (the group GL 2 (Z/3)) is a 2-fold extension of Σ 4 , but it is not isomorphic to the binary octahedral group. In this section, we extend the ribbon representation of SL 2 (Z/3) to GL 2 (Z/3). In Section 8, we will demonstrate that no such ribbon representation exists for the binary octahedral group Σ 4 -a ribbon representation being an injection into the symmetric group on eight elements, Σ 8 . Here we give a representation for GL 2 (Z/3) that is a straightforward extension of the representation illustrated in Figs. 19, 20 , and 21.
As in subsection 6.1, we consider (2 × 2) matrices with entires in Z/3 acting upon the eight non-zero vectors in Z/3 × Z/3. We recall that
We leave the details of the computation that are analogous to those in Fig. 16 to the reader who can obtain the permutation representations for the matrices of determinants −1 that follow. The ribbon representations of these permutations are given in Fig. 30, 31 , and 32.
This completes the proof of item (7) of Theorem 1. 
The binary octahedral group
The binary octahedral group, Σ 4 is a 2-fold extension of the permutation group Σ 4 . It is given via the presentation
The generators are identified with the elements a = 1/2(1 + i + j + k) and f = (1 + i)/ √ 2 in S 3 . See [Wik18b] . We give several representations that depend upon the subgroup chosen and the ordering of the cosets.
To begin, we demonstrate the generators a, b, and f in terms of the cosets of S = (−1, −j, 1, j). Then we represent a and f as cosets of the eight element subgroup P that is generated by f . In this case, we observe that P ∪ iP is the sixteen element dicyclic group Dic 4 , and we obtain a ribbon representation in (D 4 ) 3 Σ 3 . In this case, we explicitly list half of the elements in Fig. 35 . The other half are negatives of these, and −1 = a 3 = f 4 = (af ) 2 is illustrated in the Figure. The next representation is given in Figs. 37 and 38 . It uses cosets of N = (1, a 2 , −a) . In this case, a slightly different ordering of the cosets is given than those in Section 6. After presenting half the elements (as before the negatives are not drawn), we will discuss the impossibility that this representation can be given as an eight string representation. The same idea will apply to extending the ribbon representation of A 4 to Σ 4 : no such extension exists! Thus GL 2 (Z/3) is not isomorphic to Σ 4 . 6 8.1. Cosets of powers of j. In the spirit of subsection 6.5, we decompose the binary octahedral group Σ 4 into (cyclically) ordered cosets of the subgroup, S = (−1, −j, 1, j) . Of course the cosets iS, aS, aiS, bS and biS are as before. In Σ 4 , we have the six additional cosets:
We write x(yS) = [m, zS] where x, y, z ∈ Σ 4 , m ∈ Z/4, and S = (−1, −j, 1, j) to indicate the equality of cosets xyS = zS, and that as cyclically ordered objects, the ordering is incremented by m. For example, since f (f (−i)) = 1 and f (f (−k)) = j, we compute that f (f iS) = [2, S]. We already know the actions of a and b on the original six cosets, iS, aS, aiS, bS and biS . Direct calculations give
We demonstrate the actions of a, b, and f via an illustration that encompasses the representation given in Fig. 24 . In particular, the actions of a and b extend to actions on the remaining six cosets, and f acts on all twelve cosets as demonstrated in Fig. 33 .
From Fig. 33 , we observe that the generators correspond to elements in (Q 8 ) 6 Σ 6 . Moreover, as permutations therein, a projects to x = (1, 2, 3)(4, 6, 5), while f projects to y = (1, 4)(2, 5)(3, 6) with S ∪ iS corresponding to 1 and the remaining cosets corresponding to 2 through 6 as read across the top of the diagram. The group generated by x and y is isomorphic to Σ 3 . This can be seen as follows. Let A = {1, 4}, B = {2, 6} and C = {3, 5}. Then x's action on these sets is the 3-cycle (A, B, C) while y's action is the transposition (B, C). Thus the image of the subgroup that is generated by x and y is isomorphic to Σ 3 . Combining this with the embedding of the first sentence of this paragraph we obtain the inclusion Σ 4 ⊂ (Q 8 ) 3 Σ 3 which is the statement of Theorem 1 item (9).
However, this is hardly the end of the story. For the union S ∪ iS ∪ f S ∪ f iS is isomorphic to the dicyclic group Dic 4 . And under this grouping, the permutation representation that is indicated in Fig. 34 arises.
We observe that this gives the embedding Σ 4 ⊂ [Dic 4 ] 3 Σ 3 of Theorem 1 item (10).
In Fig. 35 , we illustrate half of the elements in this representation. The numbers in the small octagons indicate the amount each is rotated counterclockwise as the group acts upon the coset.
8.2. Cosets of powers of f . Closely related to the representation above, is the representation obtained by considering the subgroup P that consists of powers of f = (1+i)/ √ 2 written as P = (1, f, i, f 2 , −1, f 5 , −i, f 7 ). The subgroup P is cyclic subgroup of the dicyclic group Dic 4 . Here the cosets of P are arranged in the shape of a regular octahedron with P located near the top vertex, jP near the bottom, and aP , bP ,cP , and dP arranged in a square. The cosets are ordered as follows: 
f Figure 33 . The actions of a, b, and f upon the cosets of S ∪ iS arrows, we demonstrate how the target octagon is twisted. The right hand side of the illustration shows the position of the octagons after the actions 8.3. Cosets of N = (1, a 2 , −a). Let us return to considering the subgroup N = {1, a 2 , −a}. Here N will remained unordered. Coset representatives are indicated along the horizontals in Fig. 37 which also depicts the actions of a and f upon these cosets. For convenience, let us call this the sixteen string representation. An ordering of the cosets has been chosen so that when the sixteen strings are grouped into sets of four, f corresponds to the four cycle (1234) and a corresponds to the 3-cycle (234). At the crowns of f and a are various permutations on 4-strings. Since the binary tetrahedral group A 4 is a subgroup of the binary octahedral group Σ 4 , the element To finish this section, we will examine the possibility of an eight string representation of Σ 4 that extends the representation given in Section 6 Figs. 19, 20, and 21. In doing so, we will establish that Σ 4 is not isomorphic to GL 2 (Z/3). ((1, 1, 1, 1) ; (123)) or equivalently, φ(a) = (04)(123567) and φ(b) = (37)(052416) as an eight string representation onto the permutation group Σ(0, 4, 1, 5, 2, 6, 3, 7). Since A 4 = a, b : (ab) 2 = a 3 = b 3 , these two values suffice to specify the representation. Let p 2 : (Z/2) 4 Σ 4 denote the projection onto the second factor. Then the composition p 2 • φ coincides with the projection of the binary tetrahedral group onto A 4 that is induced by the projection p : S 3 → SO(3) given in Section 5. Figure 37 . The actions of a and f upon the cosets of N Theorem 3. There is no extensionφ : Σ 4 → (Z/2) 4 Σ 4 that is defined on the binary octahedral group and that agrees with φ : A 4 → (Z/2) 4 Σ 4 . In particular, GL 2 (Z/3) is not isomorphic to Σ 4 .
Remarks. Since we were originally misinformed that such an isomorphism exists, we feel obliged to emphasize this point. The idea of the proof also applies to the representation that is given in Fig. 38 . Notice there that by restricting to the cosets ±N, ±iN, ±jN, and ±kN. that the elements in A 4 give an eight string representation. There is no way to combine the remaining cosets two-to-one to make a representation for Σ 4 . Finally, the representation of Fig. 38 is conjugate to the representation φ with the conjugation determined by reordering the cosets. Proof. We can compute directly, or examine Fig. 21 to determine that in this representation i = ((1, 0, 0, 1); (12)(34)), and thus −1 = ((1, 1, 1, 1); (1) ) . The rest of this paragraph is facilitated by a diagrammatic computation. Since f 2 = i, and (af ) 2 = −1, we seek an element F = ((x, y, z, w); σ) such that ((x, y, z, w); σ) · ((x, y, z, w); σ) = ((1, 0, 0, 1); (12)(34)) and aF aF = ((1, 1, 1, 1) ; (1) (1423) (234) (1423) = (13)(24), so σ = (1324). Compute aF aF = ((1 + x + z, 2 + 2w, 2y, 1 + x + z); (1)); this gives a contradiction since both 2y and 2 + 2w should be odd. Since we have given an eight string representation for GL 2 (Z/3), we have GL 2 (Z/3) = Σ 4 .
This completes the proof.
The binary icosahedral group
The binary icosahedral group is given by the presentation:
It is a 2-fold extension of the alternating group on 5-elements, and the generators correspond to the elements a = 1/2(1 + i + j + k) and t = 1/2(φ + (φ − 1)i + j) ∈ S 3 where φ = 1+ √ 5 2 denotes the golden ratio.
We remind the reader that 1/φ = φ − 1. In order to obtain a permutation description of this group, we will examine the cosets of the binary tetrahedral group A 4 which is a subgroup. See [Wik18a] Let us review some aspects of the group and the associated 120-cell that is one last remaining platonic hyper-solids. The 120 cell is a tiling of S 3 by dodecahedra. It is dual to the 600 cell that is a tiling of S 3 by icosahedra. Since a 3 = −1 = t 5 , the order of the generator t divides 10. Since t 2 = ((φ − 1) + i + φj) /2, the order of t is exactly 10. We compute the remaining powers of t as follows. The reciprocals in S 3 are computed (w + xi + yj + zk) −1 = (w − xi − yj − zk). Therefore, t 9 = (φ + (1 − φ)i − j) /2. We obtain t 8 = t −2 , t 7 = t 5 t 2 = −t 2 , t 6 = −t, t 4 = t 14 = −t 9 , and t 3 = t −7 .
There are 5 cosets of the binary tetrahedral group A 4 ⊂ A 5 . Rather than considering the elements of A 4 as an ordered 24-tuple, we consider the arrangement of those points as having some fixed geometric shape -namely the shape of the 24-cell. Then cosets are {t n A 4 : n = 0, 1, 2, 3, 4}. These will be labeled as points 0 through 4 along a horizontal line. Then the actions of a and t upon these will be examined.
In Fig. 39 , a road map is provided that will help the computation. Even though the axes from 1 to the cardinal points i, j, and k are not present in the 24-cell, we include them here to help provide a visually familiar frame of reference. The edges of cube with vertices a, b, c, d and a 5 , b 5 , c 5 , d 5 are found within the 24-cell. So the 12 points that are illustrated encompass the vertices of the half of the points in the 24-cell. The other half are antipodal. Fig. 40 contains a schematic for the cosets t n A 4 in the binary dodecahedral group. The frames of reference should be rotated slightly so that the return at t 5 represents multiplication by −1. Furthermore, all the elements that involve the golden ratio are listed with a factor of 1/2 missing as is indicated in the figure. On the other hand, the purpose of this figure is to provide enough of a multiplication table so that the actions of t and a can be computed.
Additional direct computations give that a1 = a; at = t 4 a 5 ; at 2 = tj; at 3 = t 3 b; at 4 = t 2 b 2 .
Thus if we think of the cosets t n A 4 of the binary tetrahedral group as five objects {0, 1, 2, 3, 4} (powers of t), the cyclic decomposition of a is (1, 4, 3) , and of course t ↔ (0, 1, 2, 3, 4). We schematize this action in Fig. 41 . The decorations upon the strings are meant to indicate that some symmetry on the 24-cell is occurring. In Fig. 42 , the action of a upon cosets of the ordered subgroup N = (1, a 2 , a 4 ) is computed in detail. On the left side of the illustration, the diagram of the action of a upon the binary tetrahedral group A 4 is replicated from Fig. 28 . The action of a upon the cosets of N were computed by computing at (±1), at (±i), at (±j), and at (±k), by determining the coset in which they land, and by determining the location of the product, among Since the cosets of A 4 are of the form t A 4 , the generator t acts as 5 cycle upon these. But since t 5 = −1, there is a twist in the band presentation. This twist is decomposed as smaller twists in Fig. 43. Figs. 42 and 43 complete the proof of item (11) in Theorem 1.
Epilogue
Wreath products of finite groups can be expressed via string diagrams that represent the subgroups and quotient groups as permutations acting upon themselves or upon cosets of particular subgroups. That statement is the context of Theorem 2. In this way, string and ribbon diagrams can be obtained for the finite subgroups of SU(2) as well as many other group 
Figure 43. The action of t upon cosets of A 4 in ribbon form and the unit quaternions, we have given a complete list of such representatives. For other groups, we have expressed generators for the groups in permutation representations. Our approach has been to be as meticulous as possible. However, more work can be done along these lines. In particular, since the binary icosahedral group is isomorphic to SL 2 (Z/5), its actions upon linear subspaces of Z/5 × Z/5 might provide additional or more detailed permutation representations. Furthermore, quandle structures associated to these groups, subgroups, and conjugacy classes are also known to be interesting [Ino18b, Ino18a] . Since conjugation in permutation groups is easily computed using cycle structures, it would be worthwhile to give algorithms to compute conjugation in these and other wreath products.
When twists in ribbons only occur in selected ribbons, the groups in question appear as subgroups of other wreath products. The existences of the twists suggests that specific cohomology classes can be expressed in these terms.
